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BHM604A : DISCRETE FOURIER ANALYSIS
Time : 3 Hours Max. Marks : 60
SECTION - A
Answer any 4 questions. Each question carries 1 mark. (4x1=4)

1. Compute the Discrete Fourier Transform (DFT) of the sequence {1, 0, -1, 0}.
Define circulant matrix with an example.
What is the conjugate reflection of an element in 12(ZN) ?

Define convolution of two sequences in 12(2).
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How is the downsampling operator defined for a sequence in /3(Z), and what
is its effect on the sequence ?

SECTION - B
Answer any 6 out of 9 questions. Each question carries 2 marks. (6x2=12)
6. Compute the Discrete Fourier Transform (DFT) of {1,-1,1, - 1}.

7. If X(k) is the DFT of a sequence x(n), express the DFT of x(n —1) in terms of
X(k).

8. Verify if the transformation T(x(n)) = x(n) + x(n —1) satisfies linearity.
9. Suppose z, w £ {2(Zy). Forany k € Z, show that z*w(k) = {z, R,w)-

10. Suppose z  1%(Zy). Prove that (U{Z))(n) =Z(n) for all n.
P.T.O.

K25U 0331 2. A A

11. Verify if the sequence x(n) = {1, 1/2, 1/3, ...} belongs to /2(Z).

12. Suppose Y. _,W(n) be a series of complex numbers which converges
absolutely. Prove that the series Y .,W(n) converges.

13. Find the Fourier coefficients of the function f : [- i, ©) — R defined as :

1, if 0<0<nm
fo)y=2 .
0 if-n<0<0.

L

14. Construct the first-stage wavelet on Z using the filter h = {1, - 1}.

SECTION-C
Answer any 8 out of 12 questions. Each question carries 4 marks. (8x4=32)
15. Prove that the set {E;, E;, ... Ey _ 1} an orthonormal basis for 12(Zy), where

2amn

the functions E, are defined as E,(n) = —/—N—ei N mn=01,..,N=12
Y

._{2n7n)  2n8n
16. Define z 12(2512)_by 2(n) = 3sin] 57;2 |—4cosk z

/
£
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17. Define the operator T : 12(Zy) — 2(Zy) by (T(z))(n) = z(n + 1) — z(n). Find all
eigenvalues of T.

18. Let z, w e /2(Z,). Then, for any k, j € Z, prove that
{R kZ, R]W,} = {.Z' R] = kW‘:) = (R K "Z, W;‘ »

19. Suppose N = 2M for some M < N. Define u, v e 12(Z,)) by

=—,1_—(1,1,0, 0,...,0),v=—;—2:(1,—1,0‘ ..., 0). Then prove that the set
N

N

M- yM-1 . 2
{Rawv, o U {Ryu},_, formsan orthonormal basis for /<(Zy).

20. Letz, we IQ(ZN). Then prove that the conjugate reflection of the convolution
of z and w satisfies : (z+w) (k) =z (k)= w(k).

21. Prove that the Dirac delta function &(n) belongs to /2(Z) and compute its Fourier
transform.
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22. Suppose !'zk}: v 18 @ Cauchy sequence in /2(Z). Prove that for each n « Z,

the sequence |z,(n)}, .. is a Cauchy sequence in C.

Tk-M

23. Define the function f(0) = —— for 8 = 0 and (0) = 0. Show thatfe L' ([~ , =)

but f L2 ([-m, x)). ol

24. Suppose ze /2(Z)andw = ['(Z). Show that z - w = /2(Z) and prove the inequality
[z+wl, <]wl,]zl,,

25. Suppose z € /2(Z). Prove that (U(z))(e z(26) for all 6.

26. Suppose w ¢ 12(Z). If there exist k. j € Z with k # ] such that Rw = Rw, prove
thatw = 0.

SECTION-D
Answer any 2 out of 4 questions. Each question carries 6 marks. (2x6=12)

27. Let T !2(ZN) - 12(Z),) be a translation-invariant linear transformation. Then
prove that each element of the Fourier basis F is an eigenvector of T. In
particular, T is diagonalizable.

M-1.

28. Suppose Me N, N =2M and let u e /2(Zy) be such that the set R, isan

orthonormal set with M elements. Define v fz(ZN) by v(k)=(-1)*""u(1 - k)

M-

for all k. Then prove that the set (R, v} "

U {RZku;::“:; forms a first-stage
wavelet basis for /2(Z,).

29. Suppose T:L*([-r r)) > L*([-= n)) is a bounded, translation-invariant
linear transformation. Then prove that for each m € Z, there exists Apne C
such that T(e'™) = 3, _eim®,

30. Prove that the system matrix A(6) associated with the sequences u and v is
unitary for all 8, where u = /1(Z) and the set {ngu}kFZ is orthonormal in (2(Z).
The sequence v € {1(Z) is defined by v(k) = (-1)*"u (1-k).




