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MATHEMATICS
MATAC15 : Operator Theory

Max. Marks : 80

Time : 3 Hours

PART - A

Answer four questions from this Part. Each guestion carries 4 marks.

1. Let X be a Banach space over K and let AeBL(X). Prove that c(A)isa compact

subset of K.

o If x. >xand y,—>yin a normed space X and k, — k in K, prove that

x_+y, —>x+y and kx, S kx.

3 Let X be a reflexive normed space. Prove that X is separable if and only if X’

is separable.

4. Let Xand Y be a normed spaces and F: X — Y be linear. Prove that F is @
compact map if and only if for every bounded sequence (x)in X, (F (x)) has

a subsequence which converges in Y.

5. Let H be a Hilbert space and AeBL(H). Prove that A is normal if and only if

1A () 1| = || A*alf for all x e H.

6. LetA e BL(H). A is compact, prove that A* is also compact.
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PART -B

Answer four questions from this Part without omitting any Unit. Each question
carries 16 marks.

Unit -1

7. Let X be a nonzero Banach space over C and A = BL (X). Prove that
a) o(A) is non empty.
b) r.(A)=inf A"

8. a) Let X be a normed space and AcBL(X) be of finite rank. Prove that
o (A)=0c,(A) =0 (A).
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b) Let X, Y and Z be normed spaces. Let FeBL(X, Y) and GeBL(Y, Z). Prove that

i) (GF)' = F'G’
i) [|F|| = [IF|| = ||F"]| and
iii) F* J, = J,F.

9. a) Let X be a normed space. If X' is separable, prove that X is separable.
b) Prove that X, = in /' if and only if X, — xinI".
Unit -1l

10. Let X be a normed space. Prove that X is reflexive if and only if every bounded
sequence in X has a weak convergent subsequence.

11. a) Let X be a uniformly convex normed space and (x.) be a sequence in X

such that [[x || — 1 and ||x, + X || — 2 as m, n — =. Prove that (x) is a
Cauchy sequence. 1

b) Let X and Y be normed spaces and FeBL(X, Y). If FeCL(X, Y), prove that
F'eCL(X, Y). Also show that the converse holds if Y is a Banach space.

12. Let X be a normed space and AcCL(X). Prove that dim
Z(A"—kl)=dimZ(A-kl)<ecforO=k e K
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13. a) Let H be a Hilbert space and A=BL(H). Prove that there is a unique
B e BL(H) such that for all x, y € H, (A (x), ) =X, B(y)).

b) Let H be a Hilbert space and AeBL(H). Prove that R(A) = H if and only if A”
is bounded below.

14. a) Let H be a Hilbert space and AeBL(H). Let A be self adjoint. Prove that
1Al = sup ([AG), ¥} : x & H, [IX] = 1)

b) State and prove generalized Schwarz inequality.

15. a) Let H be a Hilbert space and A=BL(H). Prove that cg(A)CGE(A) and
o(A) = o (A) wik: k € o (A"}

b) LetH = {0} and A=BL(H) be self adjoint. Prove that

{m,, M,} © 0,(A) = o(A) = [m,. M,].




