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I Semester M.Sc. Degree (C.B.S.8. — Reg./Sup. fimp.)
: Examination, October 2022
(2019 Admission Onwards)
MATHEMATICS
MAT1CO3 : Real Analysis

Time : 3 Hours e Max. Marks : 80
| o . ¥ . Marks :

_ ' PAHT A
Answer four questions from thls Part. Each questlon carries 4 marks :
1. Prove that compact subset of: metnc apaces are ciosed.

. Give an exampl
subcover. ple-glian open cover Of the Segment (0, 1) which has no finite

8. li(x) = [x°|. Show that f* (0) does not ex:st

N

4. Using L'Hospital's rule, evaluate hm __1 0032"

5. Show that the pol A '
on [0, 1], Po ynomnal f(x) X.. + X +§< + x+ 1 is of bounded variation
6. I f fdec=0 for every f which 'iéjmpnotooio on [a, b]. Prove that « must be a
constant on [a, b, ' iR ]
“eaarie

Answer any four questions from this Part itti ; .
B s s art without omitting any Unit. Each question
: Unit -1

7. a) Prove the following :
i) For any collection {G_ }of open sets, U, G is open.
ii) For any collection {F. }of closed sets, F is closed.
iify For any collection G G G of open sets NG, is open.

iv) For any collectlonF F F of closed sets, UF, is closed.

b) Show that there exist a perfect set in R which contain no segment.
P.T.0.
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8. a) Let A be the set of ail sequences whose elements are the digit 0 and 1.

Prove that A is uncountable.
b) Prove that countable union of countable set is countable.

a) Prove the following : Suppose Y < X. A subset E of Y is open relative to Y
if and only it E = G n Y for some open subset G of X.
b) Let A, B are two subsets of a metric space X. Prove that

) (AuB)=AuB
i) (AnB)cANB.
Unit—ll

10. a) State and prove the Generahzed Mean Va!un Theorem
b) Suppose f'(x) > 0 in (a b) Prove thatf IS stnctly increasing in (a, b)
and let g be its inverse functlon Prove that g is differentiable and that

f(x))=

g'(fx) = f( y . R : :

c) Prove the following : If f is monotomc on [a b] and if e is continuous on
[a, b}, then f € R{cc). : : 3

11. a) Iff g e R(a )on [a. bl Prove that (t)fg e F{(a) (i) |f| € R (o) and

a<x<h .

j|f|da

b) Prove the foilowmg ;
i} 1K) < (%) on [a, bl theh jfdoc<jgdoc '
iy iffe R(x)on]a, b]and lfa<c< D, thenf e R(=) on [a, c] and [c, b].

12. a) State and prove L’ Hospital's Rule.
b) Suppose a and c are real numbers, ¢ > 0, and f is defined on [ —1, 1] by
f(x) = x* sin(IxI™), x = 0, and f{0) = 0. Prove the following :
i) fis continuous if and only if a > 0.
i) ¥ (0)existifandonlyifas> 1.
jiiy ' is continuousifandonlyifa>1+c.

iv) f (0)existifandonlyifa>2+c.
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13. a) State and prove the fundamental theorem of calcuius.
) Let f be of bounded variaticn on a, c] and [c, b]. Prove that
(a b) = V(a c) +V(c b).
Assume that f, g are each of bounded variation on [a, b]. Prove that
Vv <V +V andV <AV+BV for some A, B = 0.
f

(X) = X sin (;1(-) _x 3 0 and f(0) = 0 is not of bounded

14. a)

b) Show that the function f
variation on {0, 3]
=

15. a) Given that f = & it < [0 1]andf- 7’,‘?“" ifte [O 2]. Prove that the
length of g is twice as that:of &+«
b) Prove that: Two paths f and gin R are equnvalent if and only if they have

the same graph. : S
1 : :
c) Examine whether the funct,on f(A) x2 cos (x) x# 0, (0) = 0 is of bounded

variation on [0, 1].




