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| Semesier M.Sc. Degree (CBSS - Reg./SupJ!mp.) Examination, October 2022
(2019 Admission Onwards)
MATHEMATICS
MAT1C04 : Basic Topology

Time : 3 Hours R Max. Marks : 80
o7 PART A S
Answer any four questions from.tﬁis"jPar_t.;;Eéfdﬁ:question carries 4 marks. (4x4=16)
1. Prove that every O-dimensiongi 1"6 s'pébe’ ié’téijé}ly disconnected.

2. Let X be a set with at least two iﬁe"mbers an_d’ léi 7 be the trivial topology on X,

Then show that (X, 7) is not metrizable. -

3. Define usual topology and !owe;_r_: ﬁmﬁfidpology;on R.
4. Let (X, 7) be a topological spaceletA b';év';éféhbs;et"cjf X and let B be a basis
for 7. Then prove that {(BNA: Be Bjisa basis for the subspace iopology on A,

°. Let(X,, 7;) and (X, ’ZZ,) be’Hauéédgﬁ_s‘pace‘sﬂéhd let 7 be the product topology
on X = X, x X,. Then prove that (X, 7)is a Hausdorff space.

6. Examine whether Iz — {0} with usual topology. is connected or not.

PART-B
Answer any four questions from this Part without omitting any Unit. Each question
carries 16 marks. (4x16=64)
Unit - | )

7. a) Letd be the usual metric for R". Then show that

A= {(xq, %o, ..., X,) € R": foreachi= | - R X; is rational} is g countable
dense subset of BN,

b) Prove that every complete metric Space is of the second category.
P.T.0.

.
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¢) Let (X, 7) be a topological space, let (Y, d) be a metric space, leti: X = Y
be a function and for each n e N, lgt fa : X = Y be a continuous function
such that the sequence {f,» converges uniformly to f. Then prove that f is

continuous.

8. &) Prove that a family B of subsets of a set X is.a basis for some topology on
Xifandonlyif:(1)X=u{B:BeB}and (2) if B,, B,e Bandxe B;nB,,
then there exists B e B such that xeB and B B; n B..
b) Let 7and 7 be topologies on a set X and let B anql B be bases_ for Tand 77
respectively. Then prove that the foliowing conditions are equivalent :

i) 77 is finer than 7. : oy =y 5
ii) For each x € X and each B € B such that X € B, there is a member B’ of B
such that x € B’ andB’'cB." e
c) Show that the lower-limit t_opg‘lo:gy :on;]R‘_[is':not the usual topology on R.

9. a) Let A be a subsst ofa tqpbfogicai ‘f‘s'pa’Cé (X 7T)-and let x e X. Then prove
; thatx e Aif and only if every neighborhpod of x has a nonempty intersection
with A. : : ; 4 "
b) Let A be a subset of a topo!OQicalfs'pace (X, 7). Then prove that A= A U A",

c) Prove that every second cquntab,lg_;space— is separable.

- 8) Let {(X,, 7,) : @ € A} be an indexed farh_ifly of topological spaces, and for
e eaci{w( aae Acf)let (Aa, :%\a) be,_a::subspa(;jé of (Xa, 7.). Then prove that the
product topology on IT, . A, is the same as the subspace topology on
IT, c A A, determined by thev_prodqctjopologyvon Myoa X,
b) Let{(X,, 7,) : & & A} be an indexed family of first countable spaces, and
et X =11, .4 X, Then prove that (X, 7) is first countable if and only if 7 ,is
the trivial topology for all but a countable number of a.

[ : { i bset
11. a) Let (A, 7,) be a subspace of a topological space (X, 7). Prove that a su
: C og A isA)closed in (A, 7,) if and only there is a ciosed subset D of (X, 7)

suchthat C=AnD. i
b) Let (X, 7) and (Y, U) be topological spaces, letf: X — Y be a function, and
let {U, : o e A} be a collection of open subsets of X such that

X=Uyen Uyandty, : U, — Yis continuous for each & e A. Then prove

that f is continuous. .
c) Prove that the function f : R — R2 defined by f(x) = (x, 0) for each x € R is
an embedding of R in B2,
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12. a) Let(X, 7), (Yy. 24) and (Y, Us,) be topological spaces and let f: X — YyxY,
be a function. Then prove that f is continuous if and onlyifny of and Ty of
are continuous.

b) Let (X, 7;) and (X5, T,) be Hausdorff Spaces, and let 7denote the product

7

topology on X = Xy x X,. Then prove that (X, 7') is Hausdorf.
c} Lei(X,, 7;) and (X5, 75) be topological spaces, and iet 74 and m, denote the

e

projection maps. Then prove that S = {m' (U):UeT, foln'v:ver, f
is a subbasis for the product topology on X x X,.

Unit = Ij}

13. ) Let {(X,, 7)) : & € A} be a collection of topological spaces, and let 7 be
the product iopology on X=T]ocr X, . THen prove that (X, 7) is locaily
connected if and only if foreach o e A, (X, 7,) is locally connected and for
all but a finite number.of_a ‘€Al (X&, 7,)is connected.

b) Prove that a topological space (X, 7)is locally connected if ang only if each
Component of each open setis open. .= ..

c) Let (X, 7)be g topologica!'"spacefan'd suppdse X=AuUB, where A and B
are nonempty subsets that are separatedin X. fHis a connected subspace
of X, then prove thatv,Hg,A; or H.g_‘B. o e

14. a) Let(X, 7) be a topological spaces andlet A X. Then prove that the following
conditions are equivalent : e .
i) The subspace (A, 7,) is connected. |

ii) The set A cannot be expressed as the union of two nonempty sets that
are separatedin X. ., iR s

ili) There do not exist U, V e Tsuch that UNnA#3,VAA2G UAVAA=D
andAcUuV.

b) Prove that the closed unit interval | has the fixed-point property.

¢) Let (X, 7) be a topological space and Suppose X = A U B, where A and B
are nonempty subsets that are separatedin X. If His a connected Subspace
of X, then prove that H cAorHcB:

15. a) Prove that each path component of a lopological space is pathwise
connected.
b) Show that the topologist's sine curve is not pathwise connected.
¢) Define path product of two paths in a topological space.




