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Il Semester M.Sc. Degree (CBSS — Reg. /Sup./Imp.) Examination, October 2022
(2019 Admission Onwards)
MATHEMATICS
MAT3C14 — Advanced Real Analysis

Time : 3 Hours | 2 L ™ Max. Marks : 80
PART A

Answer any four quee’uons from th:s Pert Each QUthxon carries 4 marks. (4x4=16)

1. Let B be the uniform closure of an a
; qebra A of bounded functions,
prove that B is a uniformly closed algebra : —

2. Give an example of a func’nons with f c
onverges tof but f does
converges to {'. Justify y0ur answer 5 e

3. Define orthogonal system of functlons lee example wuth justification.
4. Prove that lim, _, x—ﬁ Iog X = 0 ,,,,,

5. Prove that the emstence of al!
pamal derlvatlves do
differentiability. 43 o e !mply o

6. Explain directional derivative of f et X
in the direction of a unit vect
continuously differentiable functions. T

PART -B
Answer any four questions from this Part wi i omitti i
th : [
Sl without omitting any Unit. Each ?:552924)
Unit -1

7. &) Sfugpose f—1 uniformly on a set E in a metric space. Let x be a limit point
o] and suppose that lim; .0 =A, (n=1,2, 3, ...). Then Prove that

{A,} converges and lim, _  f(t)=lim, ,_A..

‘P.T.O.
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b) Suppose K is compact, and
i) {i.} is a sequence of continuous functions on K,
ii) {f.} converges pointwise to a continuous function f on K,
i) f,(¢) =1, . 1(%) forall xe K. n=1,2,3... Then prove that f, —.f uniformly

onK

8. a) Prove that there exists a real conunUous function on the real line which is

nowhere differentiable. .

b) Prove that every unlformly convugent sequence of bo
uniformly bounded. .

9. Let A be an algebra of real contmuous functions on a compact set K. If A

ishes at no pomt of K, then prove that the

separates poinis on K and if A vami
uniform closure B of A consasts of all real contmuous functions on K.

unded functions is

Umt - ll

10. a) Suppose the series Zc x converges for ]x[ < R cnd define f(X) = chx” ,

(]x] < R) . Then prove tnat the senes Zc % converges umformly on
n_O

[FR+e.R—- c] no matter w‘mch > 0 |s chosen Also prove that the function f
is continuous and dn‘ferentiable in (— F R) and f'(x)= ch X1, xl< B.

b) Suppose the series Z e’ converges for |x[ < R and define f(x) = Z (o3l
n=0 n=0

( |x] < R). Then prove that f has derivatives of all orders in (- R, R) and -
derive the formulas.

11. State and prove Parseval's Theorem.
12. a) Define Gamma Function. Prove that logT is convex on (0, co),

b) State and prove Stiriling’s Formula.
Unit -1l

13. a) Let r be a positive integer. If a vector space X is spanned by a set of r
yectors, then prove that dim X <.

b) Suppose X is a vector space, and dim X = n. Prove that
i) AsetE of nvectorsin X spans X if and only if E is independent.
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i) X has a basis and every basis consists of n veciors.

i) #1< r<nand{y,, vy y : :
. 1 Yo - ¥y} i @n independent set
basis containing {y,, Vo wsus y:}, P in X then X has a

14. a) ?up%oself r?ar?s an open set E ¢ R" into R™. Then prove that f € C(E)
if and only if the partial derivatives Df exist
et e and are continuous on E for

b) Suppose f'maps a convex open set E < R" into R™, { is differentiable in E
and there is a real number M such that ||i"(x)|| < M for every x € E. Then
prove that |f(b) —f(a)] < M|p—a| forallae E, b e E.

15. State and prove implicit function theorem.




