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PART - A
(Answer any four questions from this Part. Each question carries 4 marks.)

1. Give an example of an operator A such that o(A) is a proper subset of a_(A).

2. x,—“—>x and k, — kin K then show that k x, ——kxin X.
3. Show that finite dimensional and strictly convex spaces are uniformly convex.
4. Define Rayleigh quotient of an operator.

5. Let E be a measurable subset of ® and H = L%(E). Fix z in L™(E) and define
A(x) = zx, x € H. Show that A is unitary if and only if [z] = 1.

6. Let H be denote the Hilbert space of all doubly infinite square summable scalar

sequences x = (x())), = ....,—2,-1,0,1, 2, ... Forx in H, let A(x)(j) = x (j— 1) for
all j. Then show that A is a unitary operator on H. (4x4=16)
PART - B

(Answer any four questions from this Part without omitting any Unit. Each question
carries 16 marks.)

UNIT - |
7. a) Let X aBanach space over K and A € BL(X). Letk € K such that |k[P > ||AP||
for positive integer p. Then prove that k ¢ o(A) and (A —ki)" = _iﬂ %

1
and for every k € o(A), k| = inf,_, » [A"[" <]A].

b) Define dual basis of a normed linear space and give an example.
P.T.0.
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a) Let1 = p < «and 1+ —=1.Then prove that the dual of K" with the norm
|I-ll,, is linearly isometric to K" with the norm |[. |,

b) Let X, Y and Z be normed spaces. Let F, and F, be in BL(X, Y) and k € K.
Then prove that (F,+F,)'=F/ +F, and (kF,) =kF. Let F € BL(X, Y) and
G € BL(Y, Z). Then prove also that (GF)' = F'G".

. a) Let X and Y be normed spaces and F = BL(X, Y). Then prove that

IIF’ll = [IF|l = |[F”]] and F"Jy = JyF, where Jy and J, are the canonical
embeddings of X and Y into X" and Y”, respectively.

b) Let X be a normed space and {x} be a sequence in X. Then prove that
{x.} is weak convergent in X if and only if (i) (x,) is a bounded sequence in
X and (ii) there is some x € X such that x(x ) — x’(x) for every x’ in some
subset of X’ whose span is dense in X'. In that case, also prove that for every
subsequence (x,,,) of (x,), x belongs to the closure of ({4, X, cdots}) and
[IX]] < limint, _[Ix.]I-

UNIT =1l

a) Let X be a reflexive normed space. Then prove that every closed subspace
of X is reflexive.

b) Let X and Y be normed spaces and F : X — Y be linear, compact map
then prove that F(U) is a totally bounded subset of Y. Also prove that if Y
is a Banach and F(U) is a totally bounded subset of Y, then F is a compact
map.

c) Define reflexive spaces and give an example.

a) Let X and Y be normed spaces and F : X — Y be linear. Let F e CL(X, Y),
where CL(X, Y) denotes the sel of all compact linear maps from a normed

spaces X to a normed space Y. If X, —— X in X, then prove that
F(x,) — F(x) inY.

b) Let X be a normed space and A € CL(X). If X is finite dimensional, then
prove that 0 € o,(A).
a) Give an example of a linear space which is not uniformly convex.

b) Let X be a normed space and A € CL(X). Then prove that {k : k € o(A"),
k # 0)={k: ke oyA), k # 0}, where A’ is the transpose of A.
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UNIT = 1l

a) LetH be a Hilbert space. Consider A € BL(H). Then prove that A is invertible
if and only if A* is invertible and in that case (A*)™' = (A~1)".

b) Let H be a Hilbert space. Consider A =BL(H). Then prove that the closure
of R(A) equals Z(A")* and closure of R (A*) equals Z(A)*.

c) Let H be a Hilbert space. Consider A = BL(H). Then prove that A is normal
if and only if [|A(x)|| = ||A*(x)|| for all x € H. In that case prove that
(1A% = ||AA"]| = ||A][2.

a) LetH be a Hilbert space. Let A and B be unitary. Then prove that AB is unitary.
-1
Also, A + B is unitary if and only if it is surjective and Re (A(x), B(x)) = =
for every x € H with ||x|| = 1.
b) State and prove Generalized Schwarz inequality.
a) Let H be a non-zero Hilbert space and A € BL(H) be self adjoint. Then prove
that {ma, My} c o (A) = [my, Myl

b) Let A be a compact operator on a Hilbert space H = {0}. Then show that
every non-zero approximate eigenvalue of A is, in fact, an eigenvalue of A
and the corresponding eigenspace is finite dimensional.

¢) Define Hilbert-Schmidt Operator and give an example. (4x16=64)

K20P 0116



