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13. Suppose fe L'(R) and {g}, , is an approximate identity. Then prove that for
every Lebesgue point X of f, ',"JJ*Q- f(x)=f(x).

14. a) Define G : R—R by G(x) = s e, Then prove that
i) LG(x)dx = 1 :

ii) There exists ¢, > 0 such that G(x) < {7 |x|)’
iil) G(2)=e%2, or G =/21G.

b) Suppose f,geL'(R)and f, g  L'(R)- Then prove that
i) f,g1,8el?(R)
i) (f,@)=2n(f,g).
15. a) Suppose f, g = L*(R). Then prove that

) (he)=5(t0)
i li ” I|I‘|I
b) Suppose g, h = L'(I), and eitherf & L'(R) orf = L*E). Then prove that
) (F+g) =7g
i) f=(g=*h) = (f*g)=h. (4x16=64)
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Instructions : 1) Notations are as in prescribed text book.

2) Answer any four questions from Part — A.
Each question carries 4 marks.

3) Answer any four questions from Part — B without omitting
any Unit. Each question carries 16 marks.

PART - A
1. Letz,w e P (Z,). Provethat (R,z, Rw) =(z.R_,w) = (R, z. W) forany k < Z.

2. Let (x }- be asequence in a complex inner product space X, and let x € X.
Prove that {x }-_ converges to x in X if and only if [|x — x|| converges to O as
n — o, as a sequence of numbers.

3. Define f(8) = ”‘ﬂ_ for 8 = 0, and f(0) = 0. Show that f € L'([- =, =)) but
fe L3([— =, m)).

4. Suppose z < P (Z). Then prove that (z*) A (0) = Z (0+ 7).

5. Define addition on L? (E) by (f + g) (x) = f(x) + g(x). Define multiplication of a
function I € L2 (R) by a scalar a € C by (af) (x) = af(x). With these operations,
prove that L* (R) is a vector space.

6. Iff e L' (R)is continuous at x, then prove that x is a Lebesgue pointoff.  (4x4=16)

P.T.0.
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7.a) Suppose M ¢ N and N = 2M, and u € F? (Z,) is such that {R,u}, is an
orthonormal set with M elements. Define v e 2 (Z,) by v(k) = (= 1)~ u(1 k)
for all k. Then prove that {R,v) U{R,ul" is a first-stage wavelet basis
for 2 (Z,).

b) Letw « i (Z,). Then show that {H,w}:‘: Is an orthonormal basis tor F (Z,)

if and only if [W(n)| =1 foralln € Z,.

8. SupposeN=2"1<p<n,andu,Vv, u,V,,..., U, Vo form a p" stage wavelet
filter sequence. Suppose z & F (Z,). Then prove that the output {x,, X, X,, . .., X, y,}
of the analysis phase of the corresponding p™ stage wavelel filter bank can

be computed using no more than 4N + N log, N complex multiplications.
9.a) Suppose N is divisible by 2, and u.e * (Z,).
i) Define u, € #(Z,,,) by u,(n) = u,(n) +u1(n+g]‘ Then prove that for all m
U, (m)= 0 (2m).
- Samdst #1 kN
ii) Suppose N is divisible by 2. Define u, =/*(Z.) by u (M= "y, n+~2?].

Then prove that U (m)= 10 (2-'m).

b) Suppose N is divisible by 2°. Suppose u, v =  (Z,) are such that the system
. : 1] u(n) v(n)
matrix A(n) inA(n) = \_E[ﬂ{n M) G{n+MJ

y 2= kN
v,=vand, for all/=2, 3,...p, define u, by equation u,(n) = Z*_., u, “*F‘J

and v, similarly with v, in place of u,. Then show thatu,, v, u,, v,, . ... U, V,

is unitary for all n. Let u, = u and

is a p™ stage wavelet filter sequence.
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10.a) Let {a} . be an orthonormal set in a Hilbert space H. Then prove that the

following are equivalent :

i) {a}, . is complete.

iy Forallf,g e H, (Lg)=> _(fa){g.a)
i) Forall R =3 [(ta)f .

b) LetZ__w(n) be a series of complex numbers. Prove that £ _ w(n)
converges if and only if, for all € > 0, there exists an integer N such that
3w+ X7 win)| << forallms ks N.

11. a) Suppose f: [~ r, 1) — C is continuous and bounded, say |f(0)| < M for all 6.
If {f.ﬂ"“)=% Jf{ﬁlﬂ"“" d = 0 for all neZ. Then prove that f(0) = 0 for all

0 € [~r, n).

b) Suppose T : L? ([-n, n)) = L? ([-m, n)) is a bounded, transiation-invariant
linear transformation. Then prove that for each m  Z, there exists i, € C,

such that T(e'™) = 2,_e"™.

12.a)Suppose w, z € [' (Z) then prove that the set {R_w}, , is orthonormal if and

only if |W (0)] + |W (0+=)]? =2 for all © & [0 =).

b) Suppose u = ['(Z) and {R,u}, _Is orthonormal in 7 (Z). Define a sequence
v e I'(Z) by v(k) = (-1)*" u(1 — k) then prove that {R,,v},_, v {R,u} . isa

complete orthonormal system in #(Z).



