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MAT4EOQS : Fourier and Wavelet Analysis
Time : 3 Hours Max. Marks : 60

Instruction : Notations are as in prescribed text book.
PART - A

Answer any four questions. Each question carries 3 marks.

1. Define the down sampling operator D and the up sampling operator U. Also
find UoD (z) for z= 12 (Zy).

2. Foru,ve [2(Zy), prove that (4, R, V) = (v, Ryu).

3. Suppose {2}, ,is a sequence in /? (Z) and suppose z,—zin 12 (Z). Prove that
lim z,(n) = (") for each neZ.
4. Show that (2 (Z) is not closed with respect to convolution.
| |
5. If f eL'(R), show that | jf(x}dx B3 Ilf(x}]dw

6. Supposep R—Cis mumphcatwe |t is notidentically zero and u is differentiable

at zero. Prove that pu(x) = e* for some ce C. (4»3=12)
PART - B
Answer any four questions without omitting any Unit. Each question carries 12
marks.
Unit -1

7. a) Let wGI?(ZN}. Prove that {HKWL-::L is an orthonormal basis for 12 (Z,,) if and
only if |[W(n)] =1 for all ne Z,.

b) Suppose Me I, N =2M and we [¢ (Z,,). Prove that {_thw}:: is an orthonormal

set with M elements if and only if W) + |W(n+M)F=2,forn=0,1,....M-1.
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14.
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a) Give an example of a first stage Shannon wavelet basis with justification. Is
your Shannon basis real valued ? Give reason.
M-1

b) Suppose Me N, N =2M and us/? (Z,) such that {Raxtdh

set with M elements. Define ve 2 (Z,) by v(k) = (-1)*" u(1- k) for all k.
Prove that -{F’.’E.,,.j».r}:*__'ﬂ1 u{szu}:' is a first stage wavelet basis for 2 (Zy).

is an orthonormal

Assume N/2P is an integer greater than 6, where p is some positive integer.

5
Starting with the identity [3052 [ﬂﬁn] sin® [nﬁn}] =1, construct a first stage

wavelet basis for /2 (Z,).
Unit -l

a) Prove that the space /2 (Z) is complete.
b) Suppose feL' ([, m)) and (f,€"°) =0 for all neZ. Prove that f(8) = 0 a.e.

a) Define the Fourier transform on [2(Z) and the inverse Fourier transform on
L2([-x, ). Prove that they are inverses of each other.

b) Suppose we!'(Z) and ze%(Z). Prove that (z*w)” (6) = 2(6) W(B) a.e.
a) Suppose u, v €/1(Z). Prove that B= Ry v} __ w[RxU}, , is a complete

orthonormal set in i2(Z) if and only if the system matrix A(8) is unitary for

all Be[0, n).
b) Prove that a bounded translation invariant linear transformation
T : 13(Z)—i?(Z) is a convolution operator.

Unit -1l

a) Define the convolution fxg of f, g : R = C. Iff, g eL?(R), prove that f«g is
bounded and |f~g(x)|=||fl| ||g]| for all x = R.
b) If f, g=L'(R), prove that f~g= L'(R) with ||f=gll, < |Ifl;]]gll;.

¢) Forf, geL2(R) and x, y =R, prove that (R.f, R,g)= (f, R,_.g).

a) Define a Lebesgue point of fe LY(R). For feL'(R), prove that almost every
point of R is a Lebesgue point of f.
1

b) Define feL'(R) by f(x) =1 for qu{l-? n=1.2, ... and f(x) = 0 for all other x.
n_ n
Prove that f is not continuous at x = 0 but 0 is a Lebesgue point of f.
. R TIRALE
a) Suppose feL'(R) and feL'(R). Prove that =~ [fe)e™ =f(x) at every
R

Lebesgue point x of f. Also deduce the unigueness of the Fourier transform in LY(R).
b) Suppose f, geL'(R) and f,g=L'(R). Prove that (t Q) =2n(f,g), (4x12=48)




