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14. a) If P(x)> 0(a < x <b),andifthe interval [a, b] contains no points conjugate to Reg. NO. ! .ccvcivnrnresses sesnannnnanns
a then prove that the quadratic functional _[ (P h? +Q hz)dx is positive SRR St cian s s :4_:“ AN
. IV Semester M.A./M.Sc./M.Com. Degreeg (HngSup.ﬂmp}
definite for all h(x) such that h(a) = h(b) = 0. Examination, March 2014 - . }
b) Establish Jacobi's necessary condition for the extremal y = y(x) corresponds MATHEMATICS - /o
b Paper — XVII : Elective : Calculus of vaﬂitaans
to a minimum of the functional [ F(x, y, y’) dx, y(a) = A, y(b) = B. e
¥ ,;[ (.. ¥') dx, yla) = A, y(b) = Time : 3 Hours Max. Marks : 60
: = i , ' ; . " PART-A
15. a) If P is a positive definite symmetric matrix and if the interval [a, b] contains
no points conjugate to a then prove that the quadratic functional Answer any four questions. Each question carries 3 marks.
b
j [(P h', h")+ (Qh, h)] dx is positive definite for all h(x) such that 1. Find the extremals of the functional
a
h(a) = h(b) = 0. o1
Jir] = j’ Jr? + ' do, where r =rlg).
b) Obtain the second variation of the functional e*!, where J[y] is a twice o
differentiable functional. (4x12=48)

X
o 2. Find the extremals of a functional of the form J1 F(y’, z') dx, given that
*0

2
Foy Pz — (Fy._,_,] #0 for x5 < x < Xxy.

3. Find the curves for which the functional
%

Jyl= _|' (5'2 = y’z)dx can have extrema, given that y(0) = 0, while the right hand
0

end point can vary along the line x = /4.

X4
4. Prove that the functional Jly] = I y'? dx is invariant under the transformation
X
X' =X+ g, ¥ =Yy, where g is an arbitrary constant.

P.T.O.
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5. Find the Hamilton-Jacobi equation correspanding to the functional

W= | ol o) {1+ y2 ox.

b
6. State three necessary conditions for the functional _[F(x, v, ¥')dx,y(@)=A, yb)=B
a

to have a weak extremum for the curve y = y(x). (4x3=12)
PART -B

Answer any four questions without omitting any Unit. Each guestion carries
12 marks.

UNIT -1

7. a) Define the variation § J[h] of a functional J[y] and prove that a necessary
condition for the differentiable functional J[y] to have an extremum for y = y

is that 5 J[h] =0 for y = y and all admissible h.

b) Among allthe curves joining two given points (x, y,) and (x,, y,), find the one
which generates the surface of minimum area when rotated about the x-axis.

8. a) Discuss the method of solving the variable end point problem : Among all
curves whose end points lie on two given vertical lines x =a and x = b, find

b
the curve for which the functional Jly] = I F(x, y, y') dx has an extremum.
a

b) Find the curve joining two fixed points A and B traversed by a particle sliding
under gravity from A to B in least time.

9. a) Derive a necessary condition for an extremum of a functional

b
Jy,, -~ ¥ ] = _[ F[x, Vos:o5 Yo ¥og oo Wi de which depends on n
a

continuously differentiable functions y,(x). ..., y_(x) satisfying the boundary
conditions y(a)=A, y(b)=B,(i=1,2, ..., n).

b) Obtain the differential equations for the curves along which the light propagates
in an inhomogeneous medium.
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10. a) Determine the transversality conditions for the problem : Among all smooth
curves whose end points P, and P, lie on two given curves

X1

y = o(x)and y = y(x), find the curve for which Jly] = f F(x, y, y') dx has an
xg

extremum. Also derive the transversality conditions for functionals of the

X1
forms [ f(x, y)y/1+y? dx.

X

b) Obtain the Weierstrass-Erdmann comer conditions for an extremal with cormers

b
of the functional J[y] = _[ F(x, vy, y')dx.
a2

11. a) Obtain the canonical systems of Euler equations for the functional
b ., ‘
J[¥q, oo Yl = J‘le, Wi Ve W s de.
a

b) Prove that a necessary and sufficient condition for a function
@ =D (yy,..., Y, P, -, Py ) 10 be the first integral of the systems of

Euler equations is that the Poisson bracket [®, H| vanish identically.
12. a) State and prove the principle of least action.
b) Deduce the laws of conservation of energy and momentum.

UNIT - 1il

13. a) Prove that a necessary condition for the functional J[y] to have a minimum for
y =y is that §° J[y]z o for y = y and all admissible h.

b
b) For the functional Jly] = _[ F(x, v, y')dx, y(a)= A, y(b) = B, prove that the

i
second variation

b
8% Jh]= [ P + Qh?)dx.
a



