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PART - A

Answer four questions from this part. Each question carries 4 marks.

1. Give an example of a sequence of functions which converges pointwise but
not uniformly.

2. If {f } and {g } converge uniformly on a set E, prove that {f + g} converges
uniformly on E.
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3. Consider f(x)=3"" . On what intervals does it fail to converge

uniformly 7

4. Show that e* defined on R’ satisfy the relation (e*)' =e*.
5. Define orthogonal system of functions and give an example.

6. Prove that limn"“g“—”"ﬂ. (4x4=16)
X X

PART -8B

Answer 4 questions from this part without omitting any Unit. Each question carries
16 marks.

Unit - |

7. a) If {f } is a sequence of continuous function on E, and if {, — f uniformly on
E, then show that f is continuous on E.

b) If f, e R(a) on [a, bjand if f(x)= " f,(x)(a<x<b), the series converging.

b « b
uniformly on [a, b], then prove that _L fda = ZML f do . B
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8. a) Even if {f } is a uniformly bounded sequence of continuous functions on

a compact set E, prove that there need not exist a subsequence which
converges pointwise on E.

b) If {f }is a pointwise bounded sequence of complex functions on a countable
set E, then prove that {f } has a subsequence {f"u} such that {f_(x)}converges
for every x e E.

9. State and prove Stone Weierstrass theorem.
Unit-1l

10. a) Suppose ».C; converges. Put f(x) =2 . CX"(-1<x<1). Then prove
that lim i)=Y ..
b) Define analytic functions and give an example.

11. a) Suppose the series Zan’{"andzbnx" converge in the segment

S = (-R, R). Let E be the set of all x €S at which 2., o8nX" = 2. bnX".
If E has a limit point in S, then prove thata =b_forn=0, 1, 2, .... Hence

Z:;nan"" =Z:=9bnﬁ“ forall x e S.

b) Let {¢,} be orthonormal on [a, b]. Let s (x) = Zlﬁm%{x) be the n™ partial
sum of the Fourier series of I, and suppose t (x) = z“m=1 TmOm(X) . Then
prove that ["[f s, dxs [[f-1, [ dx, and equality holds if and only i
Yo =Ca{M =12 i)

12. a) If, for some x, there are constants 6 > 0 and M < = such that
If(x + 1) — f(x) | < MJt| for all t (- &, ), then prove that hllim Sn(f i x) =f(x).
—m
b) If f(x) = O for all x in some segment J, then prove that im S, (f ; x) = 0 for
every x € J.

c) If f is continuous (with period 2r) and if € > 0, then prove there is a
trigonometric polynomial P such that |P(x) — f(x)] < € for all real x.

U e 3.

13.

14.

18.
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a) Define the dimension of a vector space and give an example.
b) Define basis of a vector space.

c) Let r be a positive integer. If a vector space X is spanned by a set of r
vectors, then prove thatdm X < r.

a) Suppose E is an open set in k", f maps E into kK™, f is differentiable at
Xy €E, @ maps an open set containing f(E) into R", and g is differentiable
at f(x,). Then prove that the mapping F of E into R* defined by F(x) = g(f(x))
is differentiable at x, and F'(x,) = g'(f(xg)f'(xy)) -

b) Suppose f maps a convex open sel E ¢ R" into R™, f is differentiable in

E, and there is a real number M such that | f(x) || <M for every x e E. Then
prove that | f(b)-f(a)|<M|b-a| forallacE,beE.

State and prove implicit function theorem. (4x16=64)




