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MATHEMATICS
MAT1COS : Differential Equations

Chance)/imp.) Examination, h@h_@r}ﬂ?ﬂ-'

Time : 3 Hours Max. Marks : 80

Instructions : Answer any four questions from Part - A. Each
question carries 4 marks. Answer any four questions
from Part — B without omitting any Unit. Each question
carries 16 marks.

PART - A

1. Find the indicial equation of the differential equation
X" + (cos2x — 1)y + 2xy = 0.

2. Define F(a, b, ¢, x) and show that F'(a, b, ¢, x) = -an Fa+1,b+1,c+1,x).

3. Define the Besse! function J,(x) and show that %[x”ap(x}] =Py (X).

: : dx d
4. Find two solutions of the system x> X+Y, Ey =4x—2y .

5. If y(x) is a nontrivial solution of the differential equation y” + g(x)y =0 on
[a, b] then prove that y(x) has at most a finite number of zeros in [a, b].

6. Letf(x,y)and % be continuous functions on a closed rectangle R with
sides parallel to the axes. Prove that f(x, y) satisfies the Lipschitz condition

on R.
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PART -B
Unit -1
7. a) Find a solution as a power series for the initial value problem y" = x — vy,

10.

1.

y(0) = 0. Express the solution in terms of familiar functions. Also verify your
solution by directly solving the initial value problem.

b) Find the general solution y = ¥a x" in the form y = a y.(x) + a,y,(x) where
y,(x) and y,(x) are power series for the differential equation y” + xy” + y = 0.

. a) Verify that origin is a regular singular point and calculate two independent

Frobenius series solutions of the equation
2y + x(2x+ 1) y-y=0
b) Find two independent Frobenius series solutions of x?y" —x?y" + (x*—2) y = 0.

. a) Define Gauss hypergeometric equation and obtain the hypergeometric

series as a solution of this equation.

b) Find the nature of the point at infinity for the Gauss hypergeometric equation.

Unit - 1I
a) Using (1 —2xt + )17 = Z P (%) t", show that
) P(1)=1andP (- 1)=(—1)"
i) P,,,(0)=0andP,(0) = (-1 -0 '3“‘2';{?: =

b) Prove the orthogonality property of Legendre polynomials.
0 ifm=n
{ 2
2n+1

1
[ Pr(x) By(x) dx =

2 if m=n

a) Prove that J__ (x) = \E cOSX.
X

b) Prove the orthogonal property of Bessel functions :
it m=n

WA ¥ if m=n

0
X Jp (A X) dp(A,X) dX =
I i L Jps
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12. a) If two solutions x = X (ﬂ y =y,(t) and x = x,(t), y = y,(t) of the system

& J()x+b {t]y, = a,(t)x + b,(t)y are linearly independent on

[a, b], then prove that x =c,X, (1) + ¢ x,(t), y = e,y (1) + cy,(t) is the general
solution of the system on [a, b] for any constants c, and c,.

b) Find the general solution of the system

o .
ey 3x+4y,—m-— 2X + Jy.

Unit - 1l
13. a) Let u(x) be any nontrivial solution of u” + q(x) u = 0, where q(x) > 0 for all
x>0.If j q(x) dx = =, then prove that u(x) has infinitely many zeros on

the pomtwe X-axis.
b) State and prove the Sturm comparison theorem.

14. a) Let f(x, y) be a continuous function that satisfies a Lipschitz condition on
astrip definedbya < x < band —o <y <= . lf (x,, y,) is any interior point
of the strip, prove that the initial value problem y" = f(x, y), y(x,) =y, has a
unique solution on the interval a < x< b.

b) For what points (x,, y,) does the initial value problem y” = |y], y(x,) = y, has
a unique solution on some interval [x=x| < h ?
15. a) Find the exact solution of the initial value problem y =x + y, y(0) = 1. Starting
with y (x) = 1, calculate y,(x), y,(x) and y,(x).
b) Solve the following initial value problem (system) by Picard's method.

dy _ _
i z, y(0)=1
dz

o L z(0)=0




