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b) Let V be a finite dimensional vector space and let T be a linear operator on
V and let o be any nonzero vector in V and let p_ be the T-annihilator of c.
Then prove the following
i) the degree of p, is equal to the dimension of the cyclic subspace Z (o T).
ii) If the degree of p,_ is k, then the vectors o, Ta, T?a,...., T o form a basis
for Z(o ; T).
iii) If U is the linear operator on Z(c; T) induced by T, then the minimal
polynomial for U is p,.

14. a) Let T be a linear operator on the finite dimensional vector space V over the

field F. Suppose that the minimal polynomial for T decomposes over F into
a product of linear polynomials. Then prove that there is a diagonalizable
operator D on V and a nilpotent operator N on V such that

i) T=D+N,

i) DN = ND.
Also shows that the diagonalizable operator D and the nilpotent operator N
are uniquely determined by (i) and (i) and each of them is a polynomial in ¥

b) If A is the companion matrix of a monic polynomial p, then prove that p is
both the minimal and the characteristic polynomial of A.

15. a) Define orthonormal set in an inner product space and give an example.
b) Show that an orthogonal set of nonzero vectors is linearly independent.

c) Let W be a finite-dimensional subspace of an inner product space V and
let E be the orthogonal projection of V on W. Then prove that E is an
idem-potent linear transformation of V onto W, W+ is the null space of E,
and V= W& W-.
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PART - A
Answer four questions from this Part. Each question carries 4 marks.

1. Let V be the real vector space of all functions ffrom R into R. Check whether

the set of all fsuch that f(0) = f(1) is a subspace or not.
2. Prove that the only subspaces of R' are ' and the zero subspace.

3. Describe explicitly the linear transformation T from F? into F? such that
T(1, 0) = (a, b), T(0, 1) = (c, d).

4. Let T be alinear operator on B2 defined by T(x,, X,, X,) = (3, X, —X,, 2X, + X, + X,).

Prove or disprove that T is invertible.

5. In RS leta,=(1,0,1), =(0,1,-2), 0,= (=1, =1, 0). If fis a linear functional
on R?such thatf(et,) =1, () =1, Kee,) =3 and if o = (a, b, ¢), find f().

6. LetV be an inner product space. The distance between two vectors a.and Bin
Vis defined by d (o, B) = |lec— Bl|. Then show that d (c, p) = d(B, o).

P.T.O.
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PART -B UNIT = Il

Answer 4 questions from this part without omitting any Unit. Each question 10. a) Define characteristic value of a linear operator.

carries 16 marks. . e . .
b) Let T be a linear operator on a finite dimensional vector space V. If f is the

UNIT - characteristic polynomial for T, then prove that f(T) = 0.
7. a) Define basis of a vector,space and give an example. 11. a) LetV be a finite-dimensional vector space. What is the minimal polynomial
b) Suppose P is an n x n invertible matrix over F. Let V be an n-dimensional for the identity operatoron V 7

vector space over F, and let # be an ordered basis of V. Then prove that

b) Let Tisany linear operator on a vector space V. lf Wis aninvariant subspace
there is a unique ordered basis # of V such that ) Y P ’ P

" for T, then show that W is invariant under every polynomial in T and for
Lo, = Plo], each a in V, the conductor S (c; W) is an ideal in the polynomial algebra F[x].
[o], =P '[a],

for every vector ain V. c) If T is any linear operator on a vector space V, then show that the null

space of T is invariant under T.
8. a) Let V be an n-dimensional vector space over the field F and W be an 12
n-dimensional vector space over F. Then prove that the space L(V, W) is
finite-dimensional and has dimension mn.

. a) Let V be a finite-dimensional vector space over the field F and let T be
a linear operator on V. Then prove that T is triangulable if and only if the
minimal polynomial for T is a product of linear polynomials over F.

b) Let V and W be finite-dimensional vector spaces over the field F such that b) Let # be a commuting family of diagonalizable linear operators on the
dim V = dim W. If T is a linear transformation from V into W, then prove that finite-dimensional vector space V. Then prove that there exists an ordered
the following are equivalent. basis for V such that every operator in F is represented in that basis by a

i) Tis invertible diagonal matrix.

i) T is nonsingular
o e ) UNIT =1l
iii) T is onto.
. I. L ] presy w n L ]
9. a) Let V be an n-dimensional vector space over the field F and W an 1579} Let-h:kbe.abnearopaeaior.on.the spacs.V, and et W, A E, E,

\ . ; ; tisfi
m-dimensional vector space over F. For each pair of ordered bases £, £ for e
V and W respectively, the function which assigns to a linear transformation i) Each E is a projection
T its matrix to &, #£" is an isomorphism between the space L{V, W) and the i) E'_Ej =0ifi#j;
space of m x n matrices over the field F. i) I=E +..+E;
b) Let V be a finite-dimensional vector space over the field F, and let iv) the range of E|is W,
b= e, &) beia bagls for V. Then prove thal there is & unique dual basls Then prove that a necessary and sufficient conditions that each subspace

gt ={1, ..., t}tor V* such that f(c,) = 5 . Also prove that for each linear

B = W. be invariant under T is that T commutes with each of the projections E.
functional fon V, f= 2, f(e)f and for each vector ain V, ae= 3., , f, (o).



