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PART - A

Answer any four guestions from this Part. Each question carries 4 marks. (4x4=16)

Define Lebesgue outer measure of a set. Prove that outer measure is translation
invariant.

Let {E ) be a sequence of measurable sets. If E, cE, < ..., prove that

m(lim E) = limm (E).

f(x), 0 < x < 1, is defined by f(x) = 0 for x is rational and if x is irrational,
f(x) = n, where n is the number of zeros immediately after the decimal point, in the

representation of x on the decimal scale. Show that f is measurable and find _[;!dx 2

Let f and g be integrable functions. Prove that f + g is integrable and Iif+qg)
dx = jfdx + | gdx.

Define a o — ring. Prove that every algebra is a ring and every ¢ — algebra is
a ¢ —ring. Is the converse true 7 Justify.

Letf, g € LP() and let a and b be constants, prove that af + bg e L?(u).
PART -B

Answer any four questions from this Part without omitting a any Unit. Each
question carries 16 marks. (4x16=64)

Unit -1
a) Define a measurable set. Prove thal the class of measurable sets is a o — algebra.
b) Prove that there exists a non-measurable set.

a) Prove that a set E is measurabile if and only if for e> 0, there exisls an open set
Qo Esuchthatm*(O—E)<e.

b) Prove that every interval is measurable.
a) State and prove Fatou's Lemma.

ed
b) Show that [ ==
X P.T.O.
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10. a) If f is continucus on the finite interval [a, b], then prove that f is integrable.
Also prove that F(x) = J:f{t) dt, (a < x < b) is a differentiable function such
that F’(x) = f(x).
b) If fis Riemann integrable and bounded over finite interval [a, b], then prove
that f is integrable and R Efdx =j':fdx.

¢) Show that lim [ -1,

(14 x/n)"xn
11.a) Let f be a bounded function defined on the finite interval [a, b], then prove
thal f is Riemann integrable over [a, b] if and only if f is continuous a.e.
b) State and prove Lebesgue's Dominated Convergence Theorem.

12. a) Let {A} be a sequence in a ring R, prove that there exists a sequence {B}
N

N
of disjoint sets of R such that B c A for each i and U A= UBI for each N
so that | JA, =| J=B,. TR
=1 i=1
b) Let u* be an outer measure on H(R) and let S* denote the class of u*-

measurable sets. Prove that S* is a ¢ —ring and u* restricted to S” is a
complete measure.

Unit -1l
13.a) Let {f } be a sequence of measurable functions f_: X — [0, «], prove that

.[Zf"dl‘l =3 an dpt .
n=1 n=1
b) Let[[X, S, u]] be a measure space and f a non-negative measurable function.

Prove that ¢(E) = |/ du is a measure on the measurable space [[X, S]].
Also, if | f duL < ==, prove that for all = > 0, there exists & > 0 such that if Ac S

and u(A) < 9, then ¢(A) < .

14. a) State and prove Holder's inequality.
b) If 1<p<=and{f}is a sequence in L° (u) such that |if —f || > 0asm,n— o
prove that there exists a function f and a subsequence {n} such that
lim f_=fa.e. Also prove that f=L°(u) and lim||f —f|| = 0.

15. a) Statel. and prove Minkowski's ineguality.
b) Letfel?a,b),n=0,1,2, .., fel?a, b) and let lim ||f —f]|,=0.
b o
) Showthat [ * dx=lim [ 17 dx_
i) Verify (i) for (a, b) = (-, n).




