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PART-A

Answer any 4 questions. Each question carries 3 marks :

1.

Find the nullspace of the linear operator T from R%to R3 defined by
T(x,y,2)=(2x Xx+Yy, x+Yy+2). Is T invertible ? Why ?

Find a linear operator T on R3 such that T3 =0 but T % 0.

3. Find all the characteristic values of the operator : T (x,, X,) = (0, X; + X,) defined

on C2.

Let T be a linear operator on an n-dimensional vector space V. If T* = 0 for some
positive integer k, then prove that T" = Q.

Prove that if E is a projection of a vector space V and f§ #0 is a vector in the
range of E, then the cyclic sub-space Z (B; E) of V generated by p is
one-dimensional.

Show that if (1) denotes an inner product defined on V and (« | )= 0forall § in
V, then ¢ =0. (4%3=12)

PART-B

Answer 4 questions without omitting any Unit. Each question carries 12 marks :

Unit =1

7. a) Let T be a linear transformation from V into W. Prove that if T is invertible,

then the inverse function T-' is a linear transformation from W onto V. 5

P.T.O.
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b) Let T be a linear operator on V with range R and null space N. Prove that the

following are equivalent :

i) RN = {0}

i) HT (Ta) =0, ;

then Ta =0. 4
c¢) Does there exist a linear transformation T from R3 into R3 whose range and

null space are identical ? 3

8. a) Let V be an n-dimensional vector space over F and @ = {a, ..., a,} bea

basis for V. Prove that the linear functionals f , ..., f defined by f (o) =&,
form a basis for the dual space V* of V. Also show that, for each « inV,

a = Z f (o) 7
i=1
b) Let W be the subspace of R3 spanned by (1,0,1) (0, 1, 1)and (2,1, 1). Find

a basis for WP, 5

9. a) Letg,f,,f, ..., f belinear operators on a vector space V with respective null
spaces N, N, ..., N. Prove thatgisa linear combination of f, ..., f if and only
if N contains the intersection N, ~ ... n N, 7

b) Letfbe the linear functional on F2 defined by f (x,, X,) = X + X,. Describe the
linear functional T'fif T is given by :

i) T (Xq, X5) = (x4, 0)
i) T (xq, Xp) = (=X, Xg). 5
Unit =11

10. a) Prove that if T is a linear operator on a finite-dimensional vector space V,
then the characteristic and minimal polynomials for T have the same roots,

except for multiplicities. 5
b) If T (Xq, Xo, Xg) = (3% + Xo = Xg, 2Xy + 2%y — Xg, 2%y + 2Xp) IS defined on
R3, verify whether or not T is diagonalizable. 7
11. State and prove the Cayley-Hamilton theorem. 12
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12. a) LetE be a projection on a finite-dimensional vectors pace V. Prove that :
i) A vector p is in the range of E if and only if EB = p
i) V=R @ N, where R is the range and N is the nullspace of E, and

iii) E is diagonalizable. 8
b) Find two proper subspaces W, and W, of R2 such that R =W, @ W,. Also
find a projection on R? such that R (E) = W, and N (E) = W,. 4
Unit - 1l

13. a) Let T be a diagonalizable linear operator on a finite-dimensional space V, with
the district characteristic values Cy, ...C,. Prove that these exist linear
operators E,, ..., E, such that :

) T=C, E +...+ Cy Ey

i) | =Eq +... +

iii) EiEj =0 foriz |

iv) EZ=E;and

v) The range of E; is the characteristic space for T associated with C;. 9
b) If T (Xy, X, X3) = (Xp, X3, Xy), fOr (Xy, X5, Xg) € R3, prove that T has a cyclic

vector. 3

14. a) State cyclic decompaosition theorem. 3

b) Find all possible Jordan forms of a § x 5 complex matrix with characteristic

polynomial (x — 1)3 (x + 2)2. 9

15. a) LetV be aninner product space and B,, ... B, be linearly independent

vectors in V. Prove that there exist orthogonal vectors «,, ..., «,in V such
thatfori=1, 2, ..., x, the set {a,, ..., @} is a basis for the subspace
spanned by {B,. ..., B)- 6

b) LetW be a subspace of the inner product space V and let p e V. Prove that if

o e W is a best approximation top by vectors in W, thenp —a is orthogonal

to every vector in W. 6
(4x12=48)




