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PART-A
Answer any four questions from this Part. Each question carries 3 marks.

1. Show that the union of R" infinite collection of closed sets in a metric space need
not be closed.

2. Let|=[0, 1] be the closed unitinterval and f be a continuous mapping of linto |.
Prove that f(x) = x for at least one x 1.

3. Let f be defined for all real x and suppose that [f(x) —f(y)| < (x —y)? for all real
x and y. Prove that f is constant.

4. If f(x) = 0 for all irrational x, f(x) = 1 for all rational x, then show that f is not
Riemann integrable on [0, 1].

5. Letfbe a function of bounded variation on [a, b]. Prove that f is bounded on [a, b].

6. Determine whether f(x) = x cos [-:—;—J if x=0,f(0) =0is of bounded variation
X

on [0, 1].
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PART-B

Answer any four questions from this Part without omitting any Unit. Each question
carries 12 marks.

10.

11

UNIT =1

| x-y|

a) Define a metric space. Forx, y IR, show thatd (x, y) = m defines

ametricon IR,

b) Prove that every k-cell is IR* is compact.

a) Let E be a subset of IR*. If every infinite subset of E has a limit point in E,
then prove that E is closed and bounded.

b) If P is a nonempty perfect sel in IR*, then prove that P is uncountable,
Deduce that the set of real numbers is uncountable.

a) Let f be a continuous mapping of a compact metric space X into a metric
space Y. Prove that f is uniformly continuous on X.

b) Define discontinuities of the first and second kinds of a function at a point.
Give an example of each type.

UNIT =1l
a) State and prove the Taylor’s thearem.

b) If C, +%+___+C_“—l+&'*1.= 0, where Cy, Cy, ..., G, are real constants,
n n+

prove that the equation Cy, C; x +.... + C, x" = 0 has at least one real root
between O and 1.

a) Letfbe acontinuous mapping of [a, b] into IR and f is differentiable in (a, b).
Prove that there exists x < (a, b) such that [f(b) - f(a)| <(b—a) | f'(x)]|.

b) Prove that f=R(e) on [a, b] is and only if for every &> Othere exists a
partition P such that U(P, f, @) -L (p, f, u) < ¢.
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12. a) If fis continuous on [a, b], prove that f £R(c) on [a, b].

b) Assume o increases monotonically and o' < R[a,b] . Let f be a bounded real
function on [a, b]. Prove that fe R (o) if and only if fa' < R [a,b] and that

b b
| fda= [ f(x)a'(x) dx

a a

UNIT =11l

X
13. a) Letfbe Riemann integrable on [a, b]. For a < x <b, put F(x) = [ f(t)dt.
a

Prove that :
) Fis continuous on [a, b]

i) If fis continuous at x; «[a, b, then F is differentiable at x,and
F'(xp) = f(xo)

b) If f maps [a, b] into IR*and if feR(a) for some monotonically increasing

b
Ifdu
a

b

function « on [a, b, prove that|f| € R (o) and < [|f]de.
a

14. a) Letfbe of bounded variation on [a, b]and C (a,b) prove that fis of bounded

variation on [&, ¢] and on [c, b] and that V, (a, b) = V((a, c¢) + V;(c, b).

b) Letfbe defined on [a, b]. Prove that f is of bounded variation on [a, b] if and
only if f can be expressed on the difference of two increasing functions.

15. a) Define a path in IR". When it is said to be rectifiable ? With usual notations

show that
A¢(a,b) = A¢(a,c) + A¢(c,b) if ¢ £ (a,b) .

b) Letf:[a, b] - IR"be a path with components f = (f,, f,, .... , f,)). Prove that f
is rectifiable if and only if each components f, is of bounded variation on [a, b].

¢) Let f be defined by f(t) = e®"", 0 <t < 1. Find the length of f.




