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28. Iffis a nonnegative function in M (X, X), then prove that there exists a sequence
(¢,) in M(X, X) such that
i) 0=sg¢ (x)<¢@ .(x)forxe X,ne N.
ii) f(x) = lim g_(x) for each x e X.

i) Each ¢_ has only a finite number of real values.

29. Let 1 be a measure defined on a c-algebra X.

i) If (E ) is an increasing sequence in X, then prove that !.I(U;1En] = lim w(E ).

ii) If (F,) is a decreasing sequence in X and if u(F ) < ==, then prove that
1 (ﬂ.;,Fn): lim w(F,).

30. Let (f) be a sequence of integrable functions which converges almost
everywhere to a realvalued measurable function f. If there exists an integrable
function g such that |f | < g for all n, then prove that f is integrable and
Jfdu=1lim[f du. (2x6=12)
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SECTION - A
Answer any 4 questions out of 5 questions. Each question carries 1 mark.
1. Define Volterra integral equation of second kind.
2. Define symmetric Kernel.
3. When do you say a Kernel is separable ?
4

. Define a measure.
5. Define a measure space and give an example. (4x1=4)
SECTION-B

Answer any 6 questions out of @ questions. Each question carries 2 marks.

6. Show that the function ¢(x) = 1 is a solution of the Fredholm integral equation
1
o(x) + Jxe*’é*"cp{:-,)di = — X,
a

1
7. Solve the homogeneous Fredholm integral eguation &(x) = lje‘e%(ﬁ)d&.
1]

21
8. Find the eigenvalues and eigenfunctions of y(x) = A _[ sin x cos ¢ y(E)dE.
(1]

9. Define the limit superior of a sequence of real numbers and illustrate with an
example.
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10. Define a c-algebra and give an example.

11. Explain the concept of almost everywhere with a suitable example.
12. Define the integral of a simple function.

13. Define M*(X, X).

14. State Lebesgue Dominated Convergence Theorem. (6x2=12)

SECTION -C

Answer any 8 guestions out of 12 questions. Each question carries 4 marks :

15. Form the Volterra integral equation corresponding to the initial value problem
y" + Ay(x) =f(x); y(0) =1, Y (0) = 0.

2
16. Find the Green's function of the boundary value problem % + Ay = 0 with
X

y(0) =0 and y(1) = 0.

17. Write down the four properties that have to be satisfied by Green’s function of
a second order differential equation with homogeneous boundary conditions.

18. Solve the integral equation y(x) =1 + A I(— 3xE)y(E)dE, by using the iterative
method. 0

19. Define the positive part and negative part of a function and hence find the
positive and negative parts of f(x) = cos x defined over the interval [0, n].

20. Prove that the following statements are equivalent for a function fon X to = :
) Foreveryo e K, the set A =[x e X :{(x) > o} belongs to X.
il) Forevery o e R, thesetB, ={xe X:{(x) < o} belongs to X.
iii) Forevery . e X, the set C_={x e X : f(x) = o} belongs to X.
iv) Forevery me Zthe setD_ = {x e X: f(x) < a} belongs to X.
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21. Prove that an extended real-valued function f is measurable if and only if the

sets A={xe X :f(x) =+ ), B={xe X:{f{x) =— =} belong to X and the
f(x), ifxeAUB,

) , is measurable.
0 ixeAuB,

real-valued function f, defined byf(x) = {

22. Ifp,, p,, ..., u_are measureson Xand a, a,, ... , @ are nonnegative
real numbers, then show that the function A, defined for E € X by

ME) = Y au(E), is a measure on X.
I=1

23. Letg, = "xl'_'lgl ,g=0.Showthat [gdi =lim| g di. Does Fatou's Lemma
apply ? Justify.

1
24, Letf = (H] Ko f = 0. Show that the sequence (f ) converges uniformly to f,

but that [ f di = lim [ f_di. Why does this not contradict the Monotone
Convergence Theorem ? Does Fatou's Lemma apply 7

25. Prove that a measurable function f belongs to L if and only if |f| belongs to L.
Also prove that, in this case, |/ fdu|<]|f|du.

26. Prove that a constant multiple «f and a sum f + g of functions in L belongs to L
and [of du = o [fdu, [ (f+g)du=]/fdu+/gdu. (8x4=32)

SECTION -D
Answer any 2 questions out of 4 questions. Each question carries 6 marks :

27. If the Kernel K(x, &) is real and symmetric then prove that the eigenfunctions
corresponding to the distinct eigenvalues of the homogeneous Fredholm

integral equation y(x) = A i K(x, £) y(5)dE are orthogonal over the interval (a, b).



