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29.

30.

Iff: [a, b] - R, showthatf ¢ R[a, b] if and only if for every ¢ > 0 there exist

functions o, and o, in %[a, b] with a (x)<f(x) <o (x) for all x € [a, b] and

b
such that [(, —a,)<e.

If (X, d) is a metric space, prove the following :
i) ¢ and X are open sets in (X, d).
ii) the union of any finite, countable or uncountable family of open sets is open.

iii) the intersection of any finite family of open sets is open.
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SECTION — A
Answer any 4 questions out of 5 questions. Each question carries 1 mark. ~ (4x1=4)
1. If 1 = [0, 4], find the norm of the partition P = (0, 1, 1.5, 2, 3.4 , 4)

2. Define a Riemann integrable function.
3. Find Iim(%] for x€R.

4, Define uniform convergence of a sequence of functions on A CIR.

5. Define the discrete metric on a set X.
SECTION-B
Answer any 6 questions out of 9 questions. Each questions carries 2 marks. (6x2=12)
6. Prove that every constant function on [a, b] is in #[a, b].
7. Let g:[0,3] — R be defined by g (x) =2for g< x<1and g(x)=3for1<x < 3.
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8. If J is a subinterval of [a, b] having end points ¢ < d and ¢(x} =1 for x=J and

b
¢ (x) =0 elsewhere in [a, b], show that [ @ =d-¢C .

9. Show that any step function is Riemann integrable.

10. Iff € ®[a,b] and if [c, d]  [a, b], show that the restriction of f to [c, d] is in
Rlc, d].

b
11. If f is continuous on [a, b], f (x) > Oforall x « [a, b]and [f=0, show that

f(x)=0forall x « [a, b].

12. Prove that the function f(x) = i is monotonically increasing.

13. Give an example of a Cauchy sequence in a metric space X such that it does not
converge to a point of the space.

14. If Ais a subset of a metric space (X, d), prove that A° is an open subset of A that
contains every open subset of A.

SECTION-C

Answerany 8 questions out of 12 questions. Each questions carries 4 marks.  (8x4=32)

15. If gis Riemann integrable on [a, b] and if f (x) = g (x) except for a finite number

b b
of points in [a, b], show that f is Riemann integrable and Jf=19.

16. Iff € R [a, b], show that the value of the integral is uniquely determined.

b b
17. Iffandgarein R [a, b and f (x) < g (x) for all x € [a, b], show that [t=]Jag,
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18. Prove that the Dirichlet function, defined by f (x) = 1 if x £ [0, 1].is rational and
f(x)=0if x £ [0, 1] is irrational, is not Riemann integrable.

19. Iff :[a, b] — R is continuous on [a, b], show that f = R |[a, b].

20. Itf :[a, b] —» R is monotone on [a, b], show that f € R|a,b].

21. If f € R[a, b], prove that the indefinite integral of f, defined by F (z) = !f s

continuous on [a, b].

22. Prove thata sequence (f,) of bounded functions on A — R converges uniformly
onAifandonly if [|f, —f| —0.

23. State and prove the Cauchy-Hadamard theorem.
24. State and prove the Holder's inequality.
25. If a Cauchy sequence of points in a metric space (X, d) contains a convergent

subsequence, prove that the sequence converge to the same limit as the
subsegeunce.

26. Prove that a subset G in a metric space (X, d) is open if and only if it is the union
of all open balls contained in G.

SECTION-D
Answerany 2 questions out of 4 questions. Each carries 6 marks. (2x6=12)
27. Leth (x) = x for x € [0, 1], show that h € ®[0, 1].

28. State and prove the Cauchy criterion for the Riemann integrability of a function
f: [a,b] - R



